A laminar metamaterial supporting strongly nonlinear solitary and shock waves with impact energy mitigating capabilities is presented. It consists of steel plates with intermittent polymer toroidal rings acting as strongly nonlinear springs with large allowable strain. The force-displacement relationship of a compressed o-ring is described by the addition of two power-law relationships resulting in a solitary wave speed and width depending on the amplitude. This double nonlinearity allows splitting of an initial impulse into three separate strongly nonlinear solitary wave trains. It is well known that strongly nonlinear compressive solitary waves exist in granular media composed of elastic spheres, which exhibit a Hertzian interaction at the contact point. The solitary wave solution of the long-wave approximation was discovered 1 and reproduced in numerical calculations and experiments.
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2-13 Also, these waves were shown to exist for an arbitrary "normal" nonlinear interaction between particles in the long-wave approximation 2 and for a discrete chain. 3 Theoretical descriptions of power-law materials have mainly focused on force-displacement relationships described by F ϰ ␦ n . In this letter, a strongly nonlinear interaction between masses is introduced using toroidal rings placed between rigid cylinders. We consider small polymer or rubber o-rings as massless nonlinear springs compared to the mass of rigid steel cylinders. It is known that the energy absorption of polymer or rubber per unit mass is significantly higher than in metals. 14 The empirical form of the equation [14] [15] [16] 
where u i and u i+1 denote the displacement of the cylinders from their equilibrium positions, A = 1.25DE / md 1/2 , B =50DE / md 5 , d and D are the cross-sectional and mean diameter of the toroid ͑o-ring͒, and E is Young's modulus. Dissipation and gravitational effects are not included here in the numerical calculations. Another example of a strongly nonlinear double power-law system ͓including combinations of softening ͑n Ͻ 1͒ and hardening ͑n Ͼ 1͒ behavior͔ can be realized using laminates of heavy rigid plates with layers of polymer foam between them. Strongly nonlinear materials ͑including those with multiple power law behavior͒ can be assembled using o-rings with different cross-sectional profiles or filling an outer o-ring with concentric o-rings of varying cross-sectional diameters or foam.
A chain of 40 elements is used to numerically investigate the dynamic properties of this strongly nonlinear system. mum force in the wave and its speed. The dashed lines in Fig. 1͑a͒ show the shape of the pulse for the two single power-law cases: the Hertzian interaction ͑n =3/2, curve 1͒ and for the second term in Eq. ͑1͒ ͑n = 6, curve 5͒. Intermediate cases when both parts of Eq. ͑1͒ are significant are shown in curves 2-4. In contrast with single power-law materials ͑curves 1 and 5͒, where the wave shape does not depend on amplitude, 2 curves 2-4 demonstrate that increasing solitary wave amplitude decreases its width down to about three elements in double power-law materials. Figure 1͑b͒ shows the dependence of solitary wave speed V s on the maximum strain max for different interaction laws between masses. Each curve in Fig. 1͑b͒ is the result of 26 calculations using 50 elements for various striker velocities. Curve 1 shows the pulse speed for a double power-law material demonstrating a qualitatively different dependence at larger strain amplitudes. Curves 2 and 3 correspond to simulations using a single power law with n = 6 and n =3/2, where the latter is in better agreement with the long-wave approximation 2 due to the larger solitary wave width. 6 We observe that the wave speed in double power-law materials converges to single power-law relationships in the low and high regions of strain ͓Fig. 1͑b͔͒. Thus, one cannot additively apply the results from the long-wave equations 2 for V s using the exponents for a double power-law material to construct curve 1. It is evident from Fig. 1 that the powerlaw term with an exponent n = 6 represents a qualitatively different case compared to Hertz law in the strongly nonlinear regime where the wave speed increases with the strain amplitude much faster than in the latter case ͑in fact the corresponding curves have a different curvature͒.
In a precompressed double power-law system an additive combination of two parts is used to calculate the sound speed c 0 ,
where a = ͑d + h͒ and h is the height of the cylinder. It is evident from Eq. ͑2͒ that the term with an exponent n =6 allows the sound speed to be tuned, with precompression, to a larger degree. For example, for small initial strains, the long-wave sound speed is changing with exponent 1 / 4 and at larger precompression it follows exponent 5 / 2. The change of exponent ͑from 1 / 4 to 1 / 6͒ characterizing the dependence of speed of small amplitude signals ͑sound waves͒ on initial confinement pressure P was reported for randomized three-dimensional granular packings.
17 Double power-law materials are qualitatively different because the change of the exponent is due to contact interaction alone and not due to the change of coordination number with preload. Also, there is an increasing dependence of sound speed on preload in double power-law materials in contrast with the decreasing rate seen in granular packings.
Numerical calculations were conducted to investigate the transformation of an initial impulse into a train of solitary waves in Hertzian and double power-law chains. A column of 400 elements was impacted by a striker with a mass equal to five elements. The maximum strains and the wave speeds are given for the first nine pulses in Table I . These values for the double power law system correspond to curve 1 in Fig.  1͑b͒ and it is clear that the ninth pulse is completely in the Hertzian regime. In the train of solitary waves in the Hertzian system the pulse speed depends on the maximum strain in each wave following curve 3 in Fig. 1͑b͒ . The enveloping shapes of the two wave trains were quite different. The amplitude of the pulses decreases gradually for double powerlaw material in contrast to the Hertzian system.
Experiments were performed to compare the strongly nonlinear dynamic behavior of a discrete system with numerical data. The experimental setup is shown in Fig. 2 . A system assembled from 35 stainless steel cylinders and 34 Teflon o-rings ͑with a mass equal to m = 0.103 g͒ with properties similar to those used in numerical calculations. The aspect ratio of the o-ring diameters, D / d = 4.05, is within the aspect ratios ranging from 3 to 30 in experiments. [14] [15] [16] For comparison with experimental data, the force averaging was performed similar to our previous work. 11 The column of cylinders and o-rings is placed in a hollow Teflon cylinder and two gauges are placed in the third and eighth cylinders from the top ͓see Fig. 2͑a͔͒ in each experiment. The piezosensors were placed between two halves of a cylinder ensuring a similar mass and height to the other cylinders in the column ͓see Fig. 2͑b͔͒ .
To create a single solitary wave, the top of the assembly shown in Fig. 2͑a͒ was impacted with a stainless steel sphere whose diameter and mass were 4.76 mm and 0.455 g, respectively. The initial velocity of the impacting sphere was v 0 = 2.1 m / s. The experimental and numerical results are shown in Fig. 3 . The wave amplitude corresponds to the Hertzian regime. It is interesting that the quasistatic theory works so well for the dynamic deformation of o-rings. Also, it is clear that attenuation results in an area of compressed media behind the solitary wave as evident from Fig. 3͑a͒ . This behavior may result in a complex two-wave structure. 18 The average pulse speed between the two sensors in Fig.  3͑a͒ is 172 m / s. The pulse speed in the calculations corresponding to Fig. 3͑b͒ is 208 m / s, the difference is apparently due to the strong attenuation in experiments. To check if the pulse is stationary in numerical calculations, an identical pulse to the one shown in Fig. 3͑b͒ is created in a chain of 400 elements. The force amplitudes and pulse shapes at the 8th and the 50th cylinder were practically identical demonstrating that a stationary solitary wave develops at a short distance from the impacted end of the chain.
In separate calculations we investigated the behavior of two identical solitary waves in a head-on collision. The leading solitary waves emerge with practically the same amplitudes after the collision followed by secondary solitary waves with 10 −6 times smaller amplitudes than the primary waves similar to results of others. 19 It is important to show that there is a tendency for a relatively long impulse to split into a train of solitary waves in double power-law systems. We used a stainless steel rod with a 10 mm radius hemispherical tip with a velocity of v 0 = 0.44 m / s and mass m = 6.236 g ͑two times the mass of the cylinders͒ impacting a chain of 40 elements. We observed a tendency for two pulses to form in experiments, though attenuation prevents the complete separation seen in numerical calculations. Attenuation is known to suppress the splitting of solitary waves in granular media in other cases as well 20 and qualitatively change the profile of a shock wave 21 and the behavior of systems under excitation by a ␦-function force. 18 Despite the difference in the splitting of the pulses, the speeds of the leading pulses are reasonably close when comparing the experiments to the numerical calculations. The speeds of the first pulse in the experiment are 190 and 208 m / s in the numerical calculations.
Shocklike waves were excited in a discrete system using a striker with a mass equal to m = 53.84 g ͑15 times the mass of cylinders͒ and velocity v 0 = 0.767 m / s to investigate the type of propagating wave. The experiments and numerical results are shown in Figs. 4͑a͒ and 4͑b͒ , respectively. The shock speed in experiments is V sh = 204 m / s and it is lower than 264 m / s in the calculations due to the dissipation and resulting difference in shock amplitude ͓compare Figs. 4͑a͒ and 4͑b͔͒. The profile of the shock wave is oscillatory, which means that the effective viscosity ͑if dissipation is linearly dependent on the relative velocities of the cylinders͒ is below the critical value, mV sh /2a, where a = ͑h + d͒ is the distance between centers of cylinders. 21 An application of this equation gives a critical viscosity of about 50 N s / m.
We have investigated a strongly nonlinear laminate material where Teflon toroidal o-rings were used as strongly nonlinear springs introducing a double power-law interaction between rigid masses. Large strains are allowed for polymer ͑or rubber͒ o-rings that may result in useful impact mitigating capabilities. Numerical and experimental results demonstrated the existence of novel solitary waves in this material, which are qualitatively different from the discrete system with a single power-law interaction force. The shape of the solitary wave in the former case depends on the amplitude and they are highly tunable. We observed the splitting of an initial pulse into a train of solitary waves in three separate nonlinear regimes in numerical calculations, and oscillatory shock waves in experiments. Despite the dissipation in experiments, the numerical calculations reasonably estimate the pulse speed based on quasistatic characteristics of o-rings. 
